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ien
eSeton Hall University, 400 South Orange AvenueSouth Orange, NJ 07079, USAAbstra
t. This paper studies resultants of two homogeneous partially 
omposed polynomi-als. By two homogeneous partially 
omposed polynomials we mean a pair of polynomialsof whi
h one does not have any given 
omposition stru
ture and the other one is obtainedby 
omposing a bivariate homogeneous polynomial with two bivariate homogeneous poly-nomials. The main 
ontribution of this paper is to show that the resultant of two partially
omposed polynomials is a 
ertain iterated resultant of the 
omponent polynomials. Fur-thermore, experiments show that, in many 
ases, this iterated resultant 
an be 
omputedwith dramati
ally in
reased eÆ
ien
y. This paper is part of the author's work on resultantsof 
omposed polynomials. This paper is also the 
ompletion of a work by M
Kay and Wangwho 
onsidered inhomogeneous partially 
omposed polynomials.



2 Manfred Minimair1 Introdu
tionResultants are fundamental in solving systems of polynomial equations and therefore have beenextensively studied ([20℄, [4℄, [6℄, [12℄, [17℄, [21℄, [7℄, [18℄, [9℄, [2℄). Re
ent resear
h is fo
used onutilizing stru
ture of polynomials, naturally o

urring in real life problems, for example, sparsity([30℄, [11℄, [10℄, [8℄, [5℄, [31℄, [3℄, [28℄) as well as 
omposition ([22℄, [17℄, [23℄, [7℄, [19℄, [16℄, [24℄, [26℄,[25℄, [27℄). This paper is part of the author's work on utilizing 
omposition stru
tures. The work[24℄ also 
ontains a se
tion explaining the importan
e of 
omposition stru
tures that are 
onsideredin this and in previous works.Previous papers ([16℄, [26℄, [25℄, [27℄)) by the author 
onsidered \fully" 
omposed polynomials.That is, 
omposed polynomials su
h as h1 = f1 Æ (g1; g2; g3), h2 = f2 Æ (g1; g2; g3) and h3 =f3 Æ (g1; g2; g3), where ea
h 
omposed polynomial hi is obtained from the polynomial fi in thevariables y1; y2; y3 by repla
ing yj with the bivariate polynomial gj . Note that ea
h 
omposedpolynomial has the same inner 
omponents g1; g2; g3. The previous works have determined theirredu
ible fa
tors of proje
tive (Ma
aulay) or tori
 (sparse) resultants of su
h \fully" 
omposedpolynomials.The fo
us of the 
urrent paper is entirely di�erent from the one of the previous papers ([16℄, [26℄,[25℄, [27℄)). It 
onsiders \partially" 
omposed polynomials. By two partially 
omposed polynomialsh1 and h2, we mean a bivariate homogeneous polynomial h1 that does not have any 
ompositionstru
ture and a bivariate homogeneous 
omposed polynomial h2 = f2 Æ (g1; g2) that is obtainedfrom the homogeneous bivariate polynomial f2 in the variables y1 and y2 by repla
ing yj with thebivariate homogeneous polynomial gj . (Of 
ourse, g1 and g2 are required to have the same total de-grees to ensure that h2 is homogeneous.) The �nding of the 
urrent paper is also quite di�erent fromprevious �ndings ([16℄, [26℄, [25℄, [27℄)). We �nd that the proje
tive (dense, Sylvester/Ma
aulay)resultant of two partially 
omposed polynomials h1 and h2 is a 
ertain iterated resultant. Morepre
isely, it is the resultant of the polynomials f1 and f2, where f1 is the resultant of 
ertain poly-nomials derived from the 
omponent polynomials h1, g1 and g2. Interestingly, we �nd two di�erentnatural formulas for f1, one involving a proje
tive (dense, Sylvester/Ma
aulay) resultant and an-other one involving a tori
 (sparse) resultant. Moreover, we show in experiments that for many
ases this iterated resultant 
an be 
omputed, over the integers modulo a prime, with dramati
allyimproved eÆ
ien
y.This work 
an also be 
onsidered as a 
ompletion of works ([22℄ and [23℄) by M
Kay andWang. In [22℄ they study resultants of two inhomogeneous 
omposed polynomials as well as twoinhomogeneous partially 
omposed polynomials (in Theorem 7 of [22℄). Additionally, in [23℄ theystudy the homogeneous generalization for the 
ase of two 
omposed polynomials. However, theyignore the 
ase of two homogeneous partially 
omposed polynomials. Furthermore, they do notaddress eÆ
ient 
omputation of partially 
omposed polynomials. In fa
t, their presentation oftheir result (Theorem 7 of [22℄) does not allow an immediate 
omputational appli
ation. Alsonote that Jouanolou's work [17℄ that 
onsiders resultants of 
omposed polynomials in Se
tion 5.12ignores the partially 
omposed 
ase as well.Note that the main theorem of the present paper (Theorem 1) 
an be 
onsidered a generalization(to the homogeneous 
ase) of Theorem 7 of the work [22℄ by M
Kay and Wang. Therefore we brie
ystate Theorem 7 of [22℄. For the sake of a more uniform presentation, with respe
t to the 
urrentwork and to previous works ([16℄, [26℄, [25℄, [27℄)) of the 
urrent author, we use di�erent symbolsfor the polynomials than in [22℄. Let F2 be a univariate polynomial in the variable y and G and H1be univariate polynomials in the variable x. Then, the proje
tive (dense, Sylvester) resultant of H1and H2 = F2 Æ G is the resultant of F1 and F2 where F1 is given by a 
ertain formula involvingthe roots of H1. More pre
isely, F1 = H1(0)d Y� (y �G(�)); (1)where d is the degree ofG and � ranges over the roots ofH1. (In Line (1) G(�) is obtained fromG byrepla
ing the variable x of G with the value �.) Note that the polynomials F2; G and H1 
an indeedbe 
onsidered as a sub-
ase of the homogeneous polynomials subje
t of the 
urrent paper. Thatis, for homogeneous bivariate polynomials f2; g1; g2 and h1, we have F2 = f2(g1(x; 1); y), where



Computing Resultants of Partially Composed Polynomials 3g1(x; 1) = 1, G = g2(x; 1) and H1 = h1(x; 1). (Again, as in Line (1), g1(x; 1) is obtained fromthe polynomial g1 by repla
ing the variable x1 with x and the variable x2 with 1. Furthermore,f2(g1(0; 1); y) and h1(x; 1) are obtained a

ordingly.) Note that the formula for F1 looks quitedi�erent from the formulas for f1 in Theorem 1 of the 
urrent paper. Please, see Remark 4 for anexplanation how they are related.The reader might wonder whether one 
an utilize 
omposition stru
tures for other fundamentaloperations. In fa
t, this has already been done for some operations. For examples, proje
tive(Ma
aulay) resultant, Gr�obner bases, SAGBI bases, subresultants and Galois groups of 
ertaindi�erential operators have been studied respe
tively in [26℄, [14℄ and [13℄, [29℄, [15℄ and [1℄ usingvarious mathemati
al te
hniques. However, it seems that those te
hniques 
annot be applied tothe study of resultants. Therefore in this paper we use mathemati
al methods that are essentiallydi�erent from those.2 Main resultsWe assume the reader is familiar with the notions of proje
tive (dense, Sylvester/Ma
aulay) resul-tant, tori
 (sparse) resultant and supports of sparse polynomials (see [8℄, [11℄, [30℄).Before we state the main theorem we �x a few notations. Let's assume that all the polynomialsh1; f2; g1; g2 in Theorem 1 are de�ned over the 
omplex numbers. Let h1 be a bivariate homogeneouspolynomial in the variables x1; x2 of degree e1. Let f2 be a homogeneous bivariate polynomial in thevariables y1; y2 of degree 
2. Let g1 and g2 be bivariate homogeneous polynomials in the variablesx1; x2 of equal total degrees, denoted by d. Let the 
omposed polynomial h2 = f2 Æ (g1; g2)be obtained from the polynomial f2 by repla
ing yj with gj . Note that we had to assume thatg1 and g2 have equal total degrees in order to ensure that h2 is homogeneous. Let Res
1;
2 andResC1;C2;C3 respe
tively denote the proje
tive (dense, Sylvester/Ma
aulay) resultant of two bivariatehomogeneous polynomials of respe
tive total degrees 
1 and 
2, and the tori
 (sparse) resultant ofthree not ne
essarily homogeneous polynomials with supports C1; C2 and C3.Now we are ready to state the main theorem.Theorem 1 (Main theorem)Res e1;e2 (h1; f2 Æ (g1; g2)) = Res 
1;
2 (f1; f2) ; (2)where f1 is given by both equalities:f1 = Res e1;d (h1; y2 g1 � y1 g2) ; and (3)f1 = (�1)e1 Res C1;C2;C3 (h1; y1 � g1; y2 � g2) : (4)In the above formulas, we have e2 = 
2 d and 
1 = e1. Furthermore, the set C1 is the support of adense homogeneous bivariate polynomial of degree e1. That is, C1 = f(e1; 0); (e1 � 1; 1); : : : ; (0; e1)g.Whereas the sets C2 = C3 
onsist of the origin and the support of a dense homogeneous bivari-ate polynomial of degree d. That is, C2 = C3 = f(0; 0); (d; 0); (d� 1; 1); : : : ; (0; d)g. Moreover, wenormalize the sign of the resultant ResC1;C2;C3 su
h that we have ResC1;C2;C3(xe11 ; xd2; 1) = 1.Remark 2 Note that the resultants in Lines (3) and (4) eliminate that variables x1; x2 ratherthan y1; y2.Notation 3 Let us �x the following notation for the rest of this paper. If p is a bivariate polynomialin the variables x1 and x2 then p(
1; 
2) is obtained from p by repla
ing xi with 
i.Remark 4 The formula in Line (3) 
an be viewed as a generalization of M
Kay's and Wang'sformula of Line (1). That is, Line (1) implies that, using the notation of Se
tion 1,F1 = Res e1;d (H1; y �G) = Res e1;d (h1; y2 g1 � y1 g2) ;where y2 = y, y1 = 1, g1(x; 1) = 1, g2(x; 1) = G and h1(x; 1) = H1.



4 Manfred MinimairAlso note that M
Kay's and Wang's formula in Line (1) 
annot be easily used for 
omputationsbe
ause it involves the roots of the polynomial H1. On the 
ontrary to this, the formula in Line (3)does not involve roots and thus 
an be easily used for 
omputations.Furthermore note an interesting di�eren
e between the proofs of Line (1) and Line (3). Thatis, the proof of Line (1) of [22℄ pro
eeds with polynomials with arbitrary 
omplex 
oeÆ
ients.Whereas the proof of Line (3) in Se
tion 3 of the 
urrent paper relies on polynomials with symboli
(algebrai
ally independent) 
oeÆ
ients. Only after showing Line (3) for polynomials with symboli

oeÆ
ients, we observe that Line (3) is stable under spe
ialization and thus Line (3) is valid forpolynomials with any 
omplex 
oeÆ
ients. This approa
h allows avoiding 
ase distin
tions in theproof.Remark 5 Sin
e this paper 
onsiders proje
tive (dense, Sylvester/Ma
aulay) resultants of par-tially 
omposed polynomials, the reader might �nd it surprising that the polynomial f1 is expressedin terms of a tori
 (sparse) resultant (see Line 4) and not in terms of a proje
tive (dense, Ma
aulay)resultant. Indeed, one 
an show that f1 is also related to a proje
tive resultant. That is, Corollary 5of [28℄ implies that the power fd1 is the proje
tive (dense, Ma
aulay) resultant of h1, y1 � g1 andg2 � g2 with respe
t to the total degrees e1, d and d.Remark 6 Naturally, one asks how Theorem 1 is related to the well-known formula for resultantsof 
omposed polynomials derived by [23℄ in the homogeneous bivariate 
ase. It turns out thatone 
an rewrite resultants of 
omposed polynomials in terms of resultants of linearly 
ombinedpolynomials by applying Theorem 1 twi
e. However, it seems that one 
annot derive the mainresult of [23℄ only by applying Theorem 1.To illustrate the previous paragraph, in the following we apply Theorem 1 to resultants of ho-mogeneous bivariate 
omposed polynomials twi
e. Let f1 and f2 be homogeneous bivariate polyno-mial in the variables y1; y2 of respe
tive degrees 
1 and 
2. Let g1 and g2 be bivariate homogeneouspolynomials in the variables x1; x2 of equal total degrees, denoted by d. Then, by Theorem 1,Res 
1d;
2d (f1 Æ (g1; g2) ; f2 Æ (g1; g2)) = Res 
1d;
2d (p; f2) ; (5)where p = Res 
1d;d (f1 Æ (g1; g2) ; y2g1 � y1g2) whi
h equals, by Corollary 5 of [23℄, the formula(�1)
1d2 Res 
1d;d (y2g1 � y1g2; f1 Æ (g1; g2)). Furthermore, by Theorem 1, p = Res d;
1 (q; f1), whereq = Res d;d (y2g1 � y1g2; z2g1 � z1g2), where z1 and z2 are new distin
t variables. Therefore, in-deed, one 
an use Theorem 1 to rewrite the resultant of two 
omposed polynomials in terms of theresultant of two linearly 
ombined polynomials. If one fa
tors q into (�y2z1�y1z2)d Res d;d (g1; g2),applying Lemma 7 of [23℄, and if one utilizes the bi-homogeneity of the resultant, one 
an simplifyLine (5) to obtain M
Kay's and Wang's formulaRes 
1d;
2d (f1 Æ (g1; g2) ; f2 Æ (g1; g2)) = Res 
1;
2 (f1; f2)d Res d;d (g1; g2)
1
2for resultants of two homogeneous bivariate 
omposed polynomials ([23℄).Remark 7 In the following subse
tion, \Computational appli
ation of the main theorem", we willuse Theorem 1 for eÆ
iently 
omputing resultants of partially 
omposed polynomials. The readerwill noti
e that we will not utilize Line (4). It is important to point out that we have stated Line (4)be
ause it is of independent theoreti
al interest. That is, it makes an expli
it 
onne
tion betweenproje
tive (dense, Sylvester/Ma
aulay) resultants of two polynomials and bivariable tori
 (sparse)resultants of three polynomials.Computational appli
ation of the main theoremIn this subse
tion we des
ribe how one 
an apply Theorem 1 to eÆ
iently 
ompute resultants ofpartially 
omposed polynomials.Step 1: Computation of f1 We ask the reader to examine the resultant in Line (3) in Theorem 1.Note that the bi-homogeneity of this resultant implies that the polynomial f1 is homogeneous inthe variables y1 and y2. Furthermore the total degree of f1 is e1. Thus, in order to 
ompute f1 itis suÆ
ient to 
ompute the polynomial p(y1) = Res e1;d (h1(y1; 1); g1 � y1g2). This polynomial p
an be 
omputed via interpolation letting y1 range over the values 0; 1; : : : ; e1.



Computing Resultants of Partially Composed Polynomials 5Step 2: Computation of Res
1;
2(f1; f2) Note that f1 and f2 are bivariate homogeneouspolynomials. Therefore the resultant Res
1;
2(f1; f2) 
an be 
omputed as the univariable (Sylvester)resultant Res
1;
2(f1(y1; 1); f2(y1; 1)).Running Time experiments Now, we dis
uss some pra
ti
al running time experiments 
arriedout under Maple 9 on a PC with a 2.2 GHz pro
essor and 3 GB main memory. For this subse
tion,we assume that all the polynomials h1; f2; g1; g2 have integer 
oeÆ
ients modulo a �xed 32bit prime number. The author has measured how the running times of the method des
ribedin Step 1 and Step 2 above 
ompare to the running times of 
omputing resultants of partially
omposed polynomials without utilizing the 
omposition stru
ture of f2 Æ (g1; g2). For the rest ofthis subse
tion, in order to be able to easily 
ompare both methods, we refer to the �rst methodwith \UseStru
" (use the stru
ture via Step 1 and Step 2) and to the se
ond one with \NoStru
"(do not use the stru
ture, expand the 
omposed polynomial and 
ompute the resultant).The measurements have been taken for random dense g1's and g2's of equal degrees rangingfrom 10 to 30 and for random dense h1's and f2's of degrees independently ranging from 10 to30 as well. This 
hoi
e of inputs results in a large amount of 
omputations and running timesmeasured. That is, the degrees (
2; d; e1) of the inputs range over the set f10; : : : ; 30g3 and forea
h triple in the latter set we get running time measurements. In order to make the presentationof the timings more 
ompa
t, we 
ompute averages of the running times in a systemati
 waydes
ribed as follows. For �xed degree e1 of h1, we partition the set f10; : : : ; 30g2 � fe1g into smallsets of four triples. That is, these partitioning sets are Pl;e1 = f10 + 2l; 10 + (2l + 1)g2 � fe1g =f(10+2l; 10+2l; e1); (10+2l; 10+(2l+1); e1); (10+(2l+1); 10+2l; e1); (10+(2l+1); 10+(2l+1); e1)g.For ea
h triple in Pl;e1 , we generate random polynomials of 
orresponding degrees and measurethe running times of methods UseStru
 and NoStru
. Then we 
ompute the averages timeUseStru
l;e1and timeNoStru
l;e1 , of these measured times for the four triples in Pl;e1 . One 
an observe that theseaverages vary not very mu
h as e1 ranges from 10 to 30. Thus we 
ompute the averages timeUseStru
land timeNoStru
l , for e1 ranging from 10 to 30, further simplifying the presentation of the runningtimes but still remaining faithful to the experimental measurements. Finally, these values are listedin Table 1.The author believes that intuitively it is not surprising that the averages timeUseStru
l;e1 andtimeNoStru
l;e1 vary little for varying e1. That is, e1, the degree of the unstru
tured h1, is relativelysmall in 
omparison to the degree of the 
omposed polynomial f2Æ(g1; g2). Therefore, 
hanges of e1have little impa
t on the running time. Furthermore, note that in this 
ase utilizing the 
ompositionstru
ture is also very eÆ
ient 
omputationally. If e1 be
omes larger then the eÆ
ien
y of Step 1and Step 2 de
reases. This behavior is expe
ted be
ause, intuitively, for large e1, in 
omparison tothe degree of the 
omposed polynomial f2 Æ (g1; g2), one expe
ts to a
hieve only little or even nogain in eÆ
ien
y through utilizing the 
omposition stru
ture of f2 Æ (g1; g2).l timeNoStru
l in se
. timeUseStru
l in se
.Appli
ation of Theorem 10 0:763 :0251 1:320 :0272 3:059 :0273 4:902 :0284 7:675 :0305 12:414 :0316 18:843 :0317 31:393 :0338 58:322 :0359 99:768 :036Fig. 1. Running times for in
reasing degrees of f2; g1; g2. Averages for (
2; d; e1) in f10 + 2l; 10 + 2l + 1g2�f10; 11; : : : ; 30g.



6 Manfred MinimairIn Table 1 one 
an see that the speedup of Method UseStru
 (Theorem 1 applied in Step 1 andStep 2) is quite dramati
 as l, i.e. the degrees of f2, g1 and g2, in
reases.3 Proof of the main theoremThe main theorem, Theorem 1, 
onsists of two parts. In this paper we only prove the �rst partand leave out the proof of the se
ond part. That is, we prove Line (2) and Line (3). The authorintends to prove the se
ond part, Line (4), in a subsequent publi
ation.Proof of Line (2) and Line (3) of Theorem 1 We start with an auxiliary lemma.Lemma 8 Suppose Res e1;d (h1; g2) 6= 0. Then the leading 
oeÆ
ient, with respe
t to the variablez, of the polynomial Res e1;d (h1; g1 � z g2) equals the resultant Res e1;d (h1; g2) and the degree in zof the polynomial is e1.Proof: Let p(z) = Res e1;d (h1; g1 � z g2). By the bi-homogeneity of the resultant, the degree of p isat most e1. Therefore, if ph(1; 0) 6= 0, where ph(y1; y2) = ye12 p(y1y2 ), then the leading 
oeÆ
ient ofp is ph(1; 0) and its degree is e1. Sin
e ph(1; 0) = Res e1;d (h1; g2) 6= 0, we have shown the lemma. �Now we are ready for the next lemma, Lemma 9, whi
h shows Line (2) and Line (3) of Theo-rem 1.The proof of Lemma 9 extends and generalizes the proof of Theorem 7 of [22℄. Note that thereis an interesting di�eren
e between the two proofs. The proof of Lemma 9 in a �rst step showsthe lemma for polynomials with symboli
 (algebrai
ally independent) 
oeÆ
ients and only in ase
ond step it shows the lemma for polynomials with arbitrary 
oeÆ
ients. Whereas, the proof ofTheorem 7 of [22℄ shows the theorem for polynomials with arbitrary 
oeÆ
ients without any �rststep dealing with symboli
 
oeÆ
ients (
ompare Remark 4). This approa
h allows avoiding 
asedistin
tions in the proof.It is also important to point out that one 
an �nd a di�erent extension of the proof of Theorem 7of [22℄ in the literature. That is, in [23℄, M
Kay and Wang extend the te
hniques presented in [22℄in order to derive a produ
t formula for resultants of two homogeneous 
omposed polynomials (seeRemark 6). This extension is di�erent from the one in
luded in the proof of Lemma 9. Moreover,it seems not possible to utilize the extended proof te
hniques presented in [23℄ to prove Lemma 9of the 
urrent paper.Furthermore, note that the proof of Lemma 9 is di�erent from the proofs of the results ofother papers ([17℄, [7℄, [19℄, [16℄, [26℄, [25℄, [27℄) deriving produ
t formulas for various resultants of
omposed polynomials.Lemma 9 We have Res e1;e2 (h1; f2 Æ (g1; g2)) = Res 
1;
2 (f1; f2) ;where f1 = Res e1;d (h1; y2 g1 � y1 g2).Proof: Let us �rst assume that all the polynomials h1, f2, g1 and g2 have distin
t symboli
 
oef-�
ients. Let x be a new variable. Then we have by well known properties of the resultant ([20℄)that Res e1;e2 (h1; f2 Æ (g1; g2)) = Res e1;e2 (h1(x; 1); f2 Æ (g1; g2) (x; 1)). Note that the resultant onthe left-hand side of this equality eliminates the variables x1 and x2 from two homogeneous poly-nomials. Whereas, on the right-hand side it eliminates the variable x from two univariate (notne
essarily homogeneous) polynomials. Furthermore, let � range over the roots of h1(x; 1). Then,
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e g2(�; 1) 6= 0 and by well known properties of the resultant (see [22℄, [20℄), we haveRes e1;e2 (h1; f2 Æ (g1; g2)) = h1(0; 1)
2dY� f2 Æ (g1; g2) (�; 1)= h1(0; 1)
2dY� f2(g1(�; 1); g2(�; 1))= h1(0; 1)
2dY� g1(�; 1)
2 Y� f2(g1(�; 1)g2(�; 1) ; 1)= (Res e1;d (h1; g2))
2 Y� f2(g1(�; 1)g2(�; 1) ; 1):Now, observe that � = g1(�;1)g2(�;1) for some � i�Y� (g1(�; 1)� � g2(�; 1)) = 0:Sin
e h1(1; 0), the leading 
oeÆ
ient of h1(x; 1), does not vanish, the latter is equivalent toRes e1;d (h1(x; 1); g1(x; 1)� � g2(x; 1)) = 0;whi
h is equivalent to Res e1;d (h1; g1 � � g2) = 0. Therefore and by Lemma 8,Res e1;e2 (h1; f2 Æ (g1; g2)) =(Res e1;d (h1; g2))
2 � Y�Res e1;d(h1; g1�� g2) = 0 f2(�; 1) =(Res e1;d (h1; g2))
2 � Res e1;
2 (Res e1;d (h1; g1 � y g2) ; f2(y; 1))(Res e1;d (h1; g2))
2 =Res 
1;
2 (f1; f2) :Therefore we have shown Lemma 9 for polynomials with symboli
 
oeÆ
ients.Next, observe that the formulas of Lemma 9 are stable under spe
ialization. Therefore Lemma 9also holds for polynomials with arbitrary 
oeÆ
ients. �Thus we have shown Line (2) and Line (3), that is, the �rst part of Theorem 1.4 Con
lusionThis paper has studied resultants of partially 
omposed polynomials. We have found that theseresultants are 
ertain iterated resultants of the 
omponent polynomials. Furthermore, we saw inexperiments that, in many 
ases, these iterated resultants 
an be 
omputed with dramati
allyin
reased eÆ
ien
y.Future resear
h might address multi-variable generalizations of the results of this paper.Referen
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